Theoretical Analysis
RDCs measured in multiple alignments can be expressed as: 1, 2 A
where D M is the L×N RDC matrix and B is an L×5 matrix, each row of which is a vector b:
where (x,y,z) are the Cartesian coordinates of the internuclear vector. A is a 5×N matrix, each column of which is a vector a. The vector a has the same form as b, but with x, y, z denoting the orientation of the magnetic field in the molecular frame. is a constant, defined as IS D max
where 0 µ is the magnetic permittivity of vacuum, h is the Planck's constant, X γ is the gyromagnetic ratio of spin X, and is the inter-nuclear distance. By assuming a group of residues with only symmetric motions of uniform amplitude, described by an order parameter S, eq 1 can be written as IS r mat BA D M = (4) with the apparent alignment matrix Amat given by: 
If two types of RDCs are measured in a given macromolecule, such as C α -C′ and N-H N in the present study, the apparent alignment matrix element ratio is 
The apparent alignment matrix of N-H is determined by using the iterative DIDC method, 2 starting from the GB3 NMR-refined X-ray structure (PDB entry 2OED). Use of the 2OED starting structure results in 100% convergence, but the results do not depend on the starting point. 2 A total of 45 residues are included in the procedure, with the remaining 11 being filtered out because of fast amide proton exchange with solvent (Nterminal 2 residues), by resonance overlap in one or more of the mutants (5 residues), or due to elevated dynamics, as identified by the iterative DIDC protocol 2 (4 residues). The same iterative DIDC procedure is used to determine the alignment matrices of the C α -C′ bond vectors for the five mutants. This study evaluated the dynamics of the N-H bond relative to a frame defined by the C α -C′ bond vectors. Isotropic internal motions of rigid peptide groups to a first approximation impacts N-H and C α -C′ bond vectors equally and factors out in our dynamics evaluation. The N-H bond dynamics relative to the C/N-atom frame remains, however, as does the effect of anisotropy of the peptide plane motion about the C α -C α axis (so-called γ motions). 3, 4 Here we build a coordinate system, with the origin on the amide N atom, the z axis parallel to the time-averaged N-H orientation, the y axis in the plane defined by C', N and H N , and the x axis perpendicular to this plane. The displacement distribution function of H N in this frame is defined as ρ(r,θ,φ), where (r,θ,φ) are the H N polar coordinates. To a good approximation, the bond stretching motion and angular libration are separable, so that
Below, we will treat bond stretching using quantum statistical mechanics, but approximate angular fluctuations by Gaussian distributions, in agreement with classical statistical mechanics when the amplitude of the librations is small.
N-H bond stretching
The stretching motion around the equilibrium bond length can be described by harmonic oscillation with a small anharmonic correction. The approximate energy potential is:
where r eq is the equilibrium bond length, E 0 is the energy in the equilibrium, k and f are force constants. E 0 acts as a reference and has no influence on the distribution function, and is therefore omitted in the derivation below. Instead of solving the Schrödinger equation for the energy function of eq 8, we first solve the equation for an ideal quantum harmonic oscillator and subsequently use first order perturbation theory to include the effect of anharmonicity. For a quantum oscillator with the Hamiltonian 
where , the solution of the Schrödinger equation is, 5
(12) The equilibrium wave function in the canonical ensemble then is given by
where k B is the Boltzmann constant and T is the temperature. It is worth noting that the energy difference between the ground state (n=0) and the first excited state (n=1) equals ~10 kcal/mol for the N-H stretching motion, where k B T is ~0.6 kcal/mol in room temperature. The coefficient of the first excitation state in eq 13 is ~10 7 times smaller than for the ground state, and all excited states may be safely ignored, simplifying eq 13 to:
The fluctuation of x is
equal to what was obtained by quantum statistics, 6 in the limit
To consider the effect of anharmonicity on the wave function, first order perturbation theory yields:
can be derived from eqs 10, 11 and 19. Since ) (x m ψ is an odd function when m=1,3,5…, and an even function when m=0,2,4…., is zero when m is an even number. For the first odd component one finds:
where f is the force constant of eq 8. By ignoring the higher order perturbation, the wave function of eq 18 can be approximated by:
(21) It is then straightforward to calculate <x>:
and c 2 is very small (see below), permitting the approximation of eq 22, commonly found in the literature. 7 The non-zero average of <x> is caused by anharmonicity of the oscillation. We can then write the density function as
During the derivation of eq 23, the equilibrium value of x is assumed to be zero. The general form of 1 ρ therefore should be written as:
in which r eq is the equilibrium distance. In our polar coordinate system , whereas the range of x is [ in eq 23. However, the high frequency of the N-H bond stretching restrains r to a very narrow distribution, making it appropriate to use eq 24 for
To proceed further, we employ the force constants k (1109.8 kcal/mol-Å 2 ) and f (-6577.2 kcal/mol-Å 3 ) calculated for N-methylacetamide N-H bond stretching by MP2 quantum methods 8 to derive the distribution function )
The corresponding coefficient c 2 is rather small, only 0.012. From eq 25 one obtains
Another important average is the value of
, which is the pertinent bond length average in RDC and 15 N relaxation studies, denoted r eff in the main text, and can also be evaluated from eq 25. Numeric solution of r eff -r eq and <r> -r eq versus r eq are plotted in Figure S2 , and show the nearly constant difference between <r> and r eq , whereas r eff -r eq scales with r eq .
N-H libration
The next step is to find a suitable angular distribution for the N-H bond libration, describing motions of the proton in directions orthogonal to the time-averaged N-H vector. The librational motion in ) ,
space is difficult to depict physically, and is more conveniently described by 2D Cartesian coordinates (u, v) of a unit vector with average orientation along z, where u is along x and v along y. Here we assume a 2D Gaussian distributed motion with ( ) 
For σ u,v <<1, the order parameter S and asymmetric motion parameter η then are obtained from:
(30) Eq 28 is used as the distribution function for the H atom in the RDC fitting procedure.
Fitting of C′-H N RDCs
In a first step, the C′-H N RDCs of 45 rigid residues were fitted to obtain the equilibrium bond length r eq and S with the constraint , and using the
obtained from the iterative DIDC analysis. Using the iterative DIDC method and eq 5, the alignment matrix itself is determined from the amide N-H RDCs, which carry the highest measurement precision. The average orientation of each N-H vector is determined from N-H RDCs in separate measurements (see discussion below). The fitting results were shown in table 1 of the main text, with which the explicit form of eq. 28 was obtained, 
In the second step, N-H and C′-H N RDCs of each secondary structure fragments are fitted without the constraint , and allowing for residue-specific S and η values, but with the r eq obtained from the first step. In this two-step fitting process, a numeric distribution of
ρ is generated and used for further analysis. Besides the acquired N-H RDCs described in the main text, a slightly different series of HNCO experiments were also performed to simultaneously extract 15 N-1 H, 13 C α -13 C′ RDCs, without C α decoupling during C′ evolution and 1 H decoupling off during nitrogen evolution. The primary purpose of these experiments was to determine RDCs and residual chemical shift anisotropy contributions to the chemical shifts, which permit extracting CSA of H N , N and C′, 10 which will be discussed in a separate paper. In addition to the five mutants described in the main text, the sixth mutant K19EK4A was also included in these measurements. The six alignments again were determined from N-H RDCs using iterative DIDC, and the average orientation of each N-H vector is calculated by
and used for the N-H and C′-H N RDCs fitting described above. Using H-N-C α -H α angles derived from these N-H vector orientations and the C α -H α bond vector orientations obtained in our previous study, 2 fitting of 3 J HNHα values to the Karplus equation gives a record low rmsd of 0.33 Hz (Figure S3 ). 11 The order parameter of each N-H vector can also be obtained from eq 31. But as discussed previously, 2 the order parameter is far more sensitive to experimental error than the structure. We carried out a two-step procedure to fit experimental RDCs as discussed in our early study. Initially, the RDCs were fitted using the symmetric motion model, but if the fitting error exceeds the measurement error the fit was repeated using the full fiveparameter asymmetric motion model, yielding both S and η values. The resulting S values are plotted in Figure S4 . The purpose of the site-specific fitting is to repeat the analysis carried out in our early iterative DIDC paper but with better quality RDCs. The order parameters were compared to relaxation order parameters as well as order parameter from GAF model determined by Blackledge et. al as shown in Fig. S4 . Figure S1 . Definition of the coordinate system used (see text). The origin is set at the N atom; C, N and the time-averaged H position fall in the yz plane, and the z axis corresponds to the time-averaged N-H orientation. Figure S5 . Impact of hydrogen bond length on the N-H equilibrium bond length from DFT calculations for the model system shown in (B). The initial geometry of the system was obtained from the GB3 2OED structure, with the center phenylalanine geometry taken from F52 and two formamide positions matched to the backbone atoms of its Hbond partners, K4 and D46. The system was geometry optimized at the B3LYP/6-311++G** level using the Gaussian03 program 13 by restraining all heavy atom dihedral angles of the center residue as well as the positions of the two formamide moieties relative to the peptide backbone, while allowing bond lengths and angles to vary. Then the O-H distance (d OH ) was altered stepwise from 1.8Å to 2.6Å by translating the Hbond-accepting formamide along the H…O direction away from the phenylalanine (panel B), after which the entire model system is re-optimized. During this re-optimization, all non-H-atom dihedral angles of the peptide are fixed at their starting values, as are the orientations and positions of the two formamide fragments relative to the peptide backbone, each defined by one distance, two angular, and three dihedral angle restraints. 
